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Abstract — The present paper deals with a two-fluid model for the flow of Jeffrey fluid in tubes of small diameters. It is assumed that the 
core region consists of Jeffrey fluid and Newtonian fluid in the peripheral region. Analytical expressions for velocity, effective viscosity, core 
hematocrit and mean hematocrit have been derived. The effects of various parameters, namely, Jeffrey parameter (λ1), tube hematocrit 
(H0) and tube radius (a) on effective viscosity, core hematocrit and mean hematocrit have been studied. It is found that the effective 
viscosity decreases as the Jeffrey parameter increases but increases with tube hematocrit and tube radius. Further, the core hematocrit 
decreases with Jeffrey parameter, tube hematocrit and tube radius. It is also noticed that the flow exhibits the anomalous Fahraeus-
Lindquist effect. 
Index Terms— Cell-free layer, Effective viscosity, Hematocrit, Flow flux, Jeffrey fluid, Peripheral layer, Mean hematocrit. 
——————————      —————————— 
1 INTRODUCTION                                                                     
HE microcirculation is defined as blood flow in small 
blood vessels, namely, arterioles, capillaries and venules,  
whose diameters range from 20 μm (microns) to 500 μm.  
Its main functions are the transport of oxygen and nutrients to 
cells of the body, removal of waste products such as carbon 
dioxide and urea, circulation of molecules and cells that medi-
ate the organism’s defence and immune response, and play a 
fundamental role in the tissue repair process. Some anomalous 
effects like Fahraeus-Lindquist effect, Fahraeus effect and exis-
tence of a cell-free or cell-depleted layer near the wall, are ob-
served in microcirculation. 
 
The study of blood flow in small diameter tubes is very im-
portant in physiological and clinical problems and hence has 
attracted considerable attention of researchers. Sharan and 
Popel [1] considered a two-phase model to discuss the flow of 
blood in narrow tubes. Haynes [2] and Bugliarello and Sevilla 
[3] have considered a two-fluid model with both fluids as 
Newtonian fluids and with different viscosities. 
   
It is realised that blood being a suspension of corpuscles, 
behaves like a non-Newtonian fluid at lower shear rates 
(Haynes and Burton [4], Hershey and Chow [5]). Hence, sev-
eral non-Newtonian fluid models have been considered for 
blood flow in small diameter tubes. Chaturani and Upadhya 
[6], [7] and Shukla et al. [8], [9] considered two and three-
layered blood flow models assuming blood as a polar fluid. 
Srivastava and Saxena [10], Haldar and Andersson [11] have 
presented a two-layered blood flow model in which the core 
region is occupied by a Casson type fluid. Aroesty and Gross 
[12] analysed pulsatile flow in small vessels treating blood as a 
Casson fluid. 
 
 A non-Newtonian fluid model that has attracted many re-
searchers is Jeffrey fluid model, as this is used to represent a 
physiological fluid (Hayat et al. [13]). Jeffrey fluid model is a 
significant generalization of Newtonian fluid model as the 
later one can be deduced as a special case of the former. Sever-
al researchers have studied about Jeffrey fluid under different 
conditions. Hayat et al. [14] analyzed three-dimensional flow 
of Jeffrey fluid. Vajravelu et al. [15] investigated the influence 
of heat transfer on peristaltic transport of a Jeffrey fluid. 
Devaki et al. [16] have considered the pulsatile flow of a Jef-
frey fluid in a circular tube lined internally with porous mate-
rial. Akbar et al. [17] stuided the Jeffrey fluid model for blood 
through a tapered artery with a stenosis. However, the flow of 
a Jeffrey fluid in tubes of small diameter has not received any 
attention. 
 
Hence, in the present paper, a two-fluid model for the flow 
of Jeffrey fluid in tubes of small diameters, has been investi-
gated. It is assumed that the core region consists of Jeffrey flu-
id and the peripheral layer consists of Newtonian fluid. Mak-
ing the assumptions as in Chaturani and Upadhya [6], the 
linearised equations of motion have been solved and analyti-
cal solution has been obtained. The expressions for velocity, 
effective viscosity, core hematocrit and mean hematocrit have 
been derived for cell-free layer and the effects of relevant pa-
rameters on these flow variables have been studied. 
2 FORMULATION OF THE PROBLEM 
Let us consider a laminar, steady and axisymmetric flow of an 
incompressible fluid through a rigid circular tube of constant 
radius a. It is assumed that the flow in the tube is represented 
by a two-fluid model consisting of a core region of radius b, 
occupied by Jeffrey fluid and peripheral region of thickness  
(a-b=ε) filled by Newtonian fluid as shown in Fig. 1. Let μp be 
the viscosity of Newtonian fluid in the peripheral region and 
μc be the viscosity of Jeffrey fluid in the core region.  
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The constitutive equations for an incompressible Jeffrey 
fluid [13] are 
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where ST ,  are Cauchy stress tensor and extra stress tensor 
respectively, P is the pressure, I  is the identity tensor, λ1 is    
the ratio of relaxation to retardation times, λ2 is the retardation 
time,   is the dynamic viscosity,   is the shear rate and dots 
over the quantities indicate differentiation with respect to 
time. Cylindrical polar coordinate system (r, , z) is chosen 
where the z axis is taken along the axis of the tube. 
The equations governing the steady two-dimensional flow 
of an incompressible Jeffrey fluid are:  
 
Equation of continuity: 
 
       (2) 
 
and                                            
                                                                                                      
                                                                                                     (3) 
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in which 
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where           are the velocity components in the r and z di-
rections respectively, p is the pressure, ρ is the density and 
                            are the extra stress components.  
 
It is assumed that the flow is in z-direction only and hence 
the velocity component           .  . Consequently, the equations 
governing the flow of fluid (Jeffrey fluid) in the core region (0≤ 
r ≤ b) reduce to, 
 
                     (8)     
 
                                    
                  (9) 
 
 
Let                             be the velocity in the peripheral region 
and            in the core region. The equations governing the 
flow of fluid are: 
 
 Peripheral region (Newtonian fluid):  
   
                   (10) 
 
 
 Core region ( Jeffrey fluid):       
 
 
                       (11) 
 
 
where         is the constant pressure gradient.  
 
The boundary conditions for the problem are given by  
 
   
 
                                                                          
                                                        
                                                                                          (12 a,b,c)  
           
Condition (12a) is the classical no-slip boundary condition 
for the velocity, (12b) denotes the continuity of velocities and 
stresses at the interface and (12c) is the regularity condition. 
 
Solving equations (10) and (11) under the conditions (12), 
we get  
                                                                                                   
                                                                                                   (13) 
  
                                                                                            
         
 
                                                                                                   (14) 
 
 
 
Fig. 1. Geometry of the problem 
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where 
  
                      (15) 
 
 
The flow flux in the peripheral region, denoted by Qp , is 
defined by   
                                                                                       
                   (16) 
 
 
Substituting for              from (13) in (16), we get 
 
 
                                                                                                   (17) 
 
 
Similarly, the flow flux in the core region is given by  
 
 
 
 
                   (18) 
Thus, the flow flux through the tube is given by   
 
                                 (19)         
 
using (16) and (17) in (18), we get  
 
   
                                                                                                   (20) 
 
Comparing (20) with flow flux for Poiseuille flow, we get 
the effective viscosity as  
 
                 
                                                                                          (21) 
 
 
If we take λ1 =0 in (21), i.e., for Newtonian fluid, it reduces 
to   
 
                   (22) 
 
 
This is same as the expression obtained by Buglierello and 
Sevilla [3]. 
 
 
2.1 Mean Hematocrit for Cell-free Wall Layer 
 
The percentage volume of red blood cells is called the he-
matocrit and is approximately 40-45% for adults. 
The core hematocrit Hc is related to the hematocrit H0        
of blood leaving or entering the tube as, 
 
                                 (23) 
 
Substituting for, Qc and Q from (18) and (20) in (23), we get 
(after simplification), 
 
 
                                                                                                   (24) 
 
 
where cH  is the normalized core hematocrit. 
 
The mean hematocrit within the tube Hm is given by 
                                                                                                   (25) 
 
                                                    
Substituting for Hc from equation (24), we get 
 
                                                                                                   
                   (26) 
 
 
where mH  is the normalized mean hematocrit. 
3 RESULTS AND DISCUSSION 
 
The expressions for effective viscosity μeff, core hematocrit 
cH  and mean hematocrit mH  are given by (21), (24) and (25) 
respectively. The effects of various parameters, namely, Jeffrey 
parameter (λ1), tube hematocrit (H0) and tube radius (a) on the 
above characteristics have been computed using Mathematica 
software and the results are graphically presented in           
Figs. (2 - 13). The value of d (non-dimensional core radius) is 
calculated from the relation: d = 1 - (ε/a), in which ε denotes 
the peripheral layer thickness for a given hematocrit. The val-
ues of ε are  3.12 μ for 40% hematocrit, 3.60 μ for 30% and 4.67 
μ for 20% ( Haynes, Table 1, [2] ). 
 
In Figs 2 - 5, the effects of Jeffrey parameter λ1 and tube 
hematocrit H0 on effective viscosity μeff have been shown for 
several values of tube radius a. It is observed that the effective 
viscosity decreases as the Jeffrey parameter λ1 increases but 
increases with  tube hematocrit H0 (Figs. 2 - 5). These results 
are in agreement with the results of Haynes [2], Chaturani and 
Upadhya [6] and Srivastava [18]. Further, for given values of  
Jeffrey parameter and tube hematocrit, the effective viscosity 
increases with tube radius a, i.e., the flow exhibits Fahraeus-
Lindquist effect (i.e., apparent viscosity of blood increases 
with increasing tube diameter). 
 
The effects of tube radius (a), Jeffrey parameter λ1 and tube 
hematocrit H0 on core hematrocit cH  and mean hematocrit mH  
are depicted in Figs. 6-13. It can be seen that the core hemato-
crit cH  decreases with Jeffrey parameter λ1 , tube hematocrit 
H0 and tube radius a (Figs. 6-9). Figs. 10-13 show that the mean 
hematocrit mH  decreases as Jeffrey parameter λ1 increases but 
increases with tube hematocrit H0 and tube radius a. 
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Fig. 3. Effect of λ1 on μeff (H0=40%). 
 
Fig. 2. Effect of λ1 on μeff (H0=20%). 
 
Fig. 4. Effect of H0 on μeff (λ1=0.2). 
 
Fig. 5. Effect of H0 on μeff (λ1=0.6). 
 
Fig. 6. Effect of λ1 on cH  (H0=20%). 
 
Fig. 7. Effect of λ1 on cH  (H0=40%). 
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Fig. 10. Effect of λ1 on mH  (H0=20%). 
 
Fig. 11. Effect of λ1 on mH  (H0=40%). 
 
Fig. 8. Effect of H0 on cH  (λ1=0.2). 
 
Fig. 9. Effect of H0 on cH  (λ1=0.6). 
 
Fig. 12. Effect of H0 on mH  (λ1=0.2). 
 
Fig. 13. Effect of H0 on mH  (λ1=0.6). 
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4 CONCLUSION 
In the present paper, a two-fluid model has been proposed to 
describe fluid flow in small diameter tubes consisting of a Jef-
frey fluid in the core region and Newtonian fluid in the pe-
ripheral region. Analytical expressions for effective viscosity, 
core hematocrit and mean hematocrit are obtained. It is found 
that the effective viscosity decreases as the Jeffrey parameter 
increases but increases with tube hematocrit and tube radius. 
Further, the core hematocrit decreases with Jeffrey parameter, 
tube hematocrit and tube radius. The mean hematocrit de-
creases as Jeffrey parameter increases but increases with tube 
hematocrit and tube radius. It is also noticed that the flow  
exhibits the anomalous  Fahraeus-Lindquist effect. 
REFERENCES 
[1] M. Sharan and A.S. Popel, “A Two-phase Model for Flow of Blood in Narrow 
Tubes with increased Effective Viscosity near the Wall,” Biorheology, vol. 38, 
pp. 415-428, 2001. 
[2] R.H. Haynes, “Physical basis of the dependence of Blood Viscosity on Tube 
Radius,” Am. J. Physiol., vol. 198, pp. 1193-1200, 1960. 
[3] G. Bugliarello and J. Sevilla, “Velocity Distribution and other Characteristics of 
Steady and Pulsatile Blood Flow in Fine Glass Tubes,” Biorheology, vol. 7, pp. 
85 – 107, 1970. 
[4] R.H. Haynes and A.C. Burton, “Role of non-Newtonian behaviour of Blood in 
Homodynamic,” Am. J. Physiol., vol.197, pp.943–952, 1959. 
[5] D. Hershey and S. J. Chow, “Blood flow in Rigid Tubes: Thickness and Slip 
Velocity of Plasma Film at the Wall,” J Appl Physiol, vol. 21, pp. 27 – 36, 1966. 
[6] P. Chaturani and V.S. Upadhya, “On Micropolar Fluid Model for Blood Flow 
through Narrow Tubes,” Biorheology, vol. 16, pp. 419-428, 1979. 
[7] P. Chaturani and V.S. Upadhya, “A Two-Fluid Model for Blood Flow 
through Small diameter Tubes,” Biorheology, vol. 18, pp. 245-253, 1981. 
[8] J.B. Shukla, R.S. Parihar and S.P. Gupta “Effects of Peripheral layer Viscosity 
on Blood Flow through the Artery with Mild Stenosis,” Bull. Math. Biol., vol. 
42, pp. 797–805, 1980. 
[9] J.B. Shukla, R.S. Parihar, B.R.P. Rao and S.P. Gupta “Effects of Peripheral layer 
Viscosity on Peristaltic Transport of Bio-Fluid,” J. Fluid Mech., vol. 97, pp. 225–
237, 1980. 
[10] V.P. Srivastava and M. Saxena, “A Two-Fluid Model of Non-Newtonian 
Blood Flow induced by Peristaltic Waves,” Rheol Acta., vol. 34, pp. 406-414, 
1995.  
[11] K. Haldar and L. Andersson, “Two-layered Model of Blood Flow through 
Stenosed Arteries,” Acta Mech, vol. 117, pp. 221-228, 1996. 
[12] J. Aroesty and J.F. Gross, “The Mathematics of Pulsatile Flow in Small Vessels, 
I . Casson Theory,” Microvasc. Res., vol. 4, pp. 1-12, 1972. 
[13] T. Hayat, N. Ali, S. Asghar and A.M. Siddiqui, “Exact Peristalitic Flow in 
Tubes with an Endoscope,” Appl. Math. Comput., vol. 182, pp. 359-368, 2006. 
[14] T. Hayat, M. Awais and S. Obaidat, “Three-dimensional Flow of a Jeffrey 
fluid over a Linearly Stretching Sheet,” Commun. Nonlinear Sci. Numer. Simul., 
vol. 17, pp. 699-707, 2012.  
[15] K. Vajravelu, S. Sreenadh and P.Lakshminarayana, “The Influence of Heat 
Transfer on Peristaltic Transport of a Jeffrey Fluid in a Vertical Porous Stra-
tum,” Commun. Nonlinear Sci. Numer. Simul., vol. 16, pp. 3107-3125, 2011. 
[16] K. Lalitha Jyothi, P. Devaki and S. Sreenadh, “ Pulsatile Flow of a Jeffrey Fluid 
in a Circular Tube having internal Porous Lining,” International Journal of 
Mathematical Archive, vol. 4, pp. 75-82, 2013.  
[17] N.S. Akbar and S. Nadeem, “Simulation of Variable Viscosity and Jeffrey 
Fluid Model for Blood Flow Through a Tapered Artery with a Stenosis,” 
Commun. Theor. Phys., vol. 57, pp. 133-140, 2012. 
[18] V.P. Srivastava, “A Theoretical Model for Blood Flow in Small Vessels,” Appl. 
Appl.  Math., vol. 2, pp.  51-65, 2007. 
[19] V. Seshadri and N.Y. Jaffrin, “Anomalous Effects in Blood Flow through 
Narrow Tubes, ” Inserm-Euromech 92, vol. 71, pp. 265-282, 1977. 
[20] R. Fahraeus, T. Lindqvist, “Viscosity of Blood in Narrow Capillary Tubes,” 
Am J Phys, vol. 96, pp. 562–568, 1931. 
[21] R.L. Whitemore, “A Theory of Blood Flow in Small Vessels,” J. Appl. Physio., 
vol. 22, pp.  767-771, 1967. 
[22] L. Dintenfass, “Inversion of Fahraeus-Lindquist Phenomenon in Blood Flow 
through Capillaries of Diminishing Diameter,” Nature, vol. 217, pp. 1099-1100, 
1967. 
